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Abstract The motion of thin film with an obstacle is treated numerically.
This amounts to the analysis of a wave operator of degenerate type. The discrete
Morse flow of hyperbolic type is applied to construct approximate solution. The
possibility of constructing weak solution in one dimension by adding a higher-
integrable term is investigated.
1 Introduction
In this paper we treat an obstacle problem related to a degenerate 1ypcrbolic
equation, to be specific, we would like to analyse the motion of a rubber
film with an obstacle where the reflection constant is zero. In [1], a similar
problem is studied but tlle method tl ere relies on the assu mption of nonzero
reflection rate and is therefore essentailly different from the one presented
here. For the analysis of one-dimensional case, see [3]. For numerical results,
we refer to tlie original paper [5].
2 Formulation of the problem
The shape of th $1\mathrm{e}$ rubber film is described by tl $\mathrm{l}\mathrm{e}$ graph of a scalar function
$u$ : $\Omega \mathrm{x}$ $[0, \infty)arrow \mathrm{R}$ , where $\Omega$ is a domain in $\mathrm{R}^{\mathit{7}\lambda}$ . The obstacle is a plane
fixed at tlle zero level set of $u$ .
The mathematical problem read $\mathrm{s}$ : Find function $u$ : $\Omega\cross$ $[0, \infty)arrow R$




under suitable boundary conditions. $\mathrm{H}\mathrm{e}\mathrm{r}\mathrm{e}_{7}\chi_{E}$ is the characteristic function
of set $E$ .
In [5], equation (2.1) is derived and justified. In short, for the energy-
conserving case, $\iota \mathrm{v}\mathrm{e}$ consider the Lagrangiall
$\mathcal{J}(u)=\int_{0}^{T}.\int_{\Omega}(|\nabla u|^{2}-(u_{\mathrm{f}})^{2})\chi_{u>0}dxdt$ .
and show tl at equations obtained by its variation correspond $\mathrm{V}^{r}\mathrm{e}11$ to (2.1).
3 Minimizing method
$\mathrm{W}\mathrm{e}$ introduce the following $\mathrm{f}_{\mathrm{U}11\mathrm{C}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{I}\mathrm{s}$ for $m\geq 2$
$J_{m}(u)= \int_{\Omega\cap\{\{u>0\}\cup\{u_{m-1}>0\}\}}.\frac{|u-2u_{m-1}+u_{m-2}|^{2}}{2f\iota^{2}}dx+\frac{1}{2}\int_{\Omega}|\nabla u|^{2}dx$ . (3.1)
We will determine a sequence $\{u_{\eta l}\}$ in $\mathcal{K}=$ { $u\in H^{1}(\Omega;R)$ ; $u=u_{0}$ on $\partial\Omega$ }
by induction as follows: For given $u_{0}$ and $u_{1}=u_{0}+f_{l}v_{0}$ and for $?7\mathrm{z}=2$ , 3, $\ldots$
find $\tilde{u}_{m}$ as the $\mathrm{m}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{i}_{1}\mathrm{n}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{r}$ of $J_{m}$ in $\mathcal{K}$ . Then set $u_{m}:=\iota \mathrm{n}\mathrm{a}\mathrm{x}(\tilde{u}_{m}, 0)$ .
Remark. If there is no intersection in the integration domain in $J_{mi}$ by
the minimizing process we obtain formally the weak form of the discretized
wave equation. Therefore, it makes no $d\iota fficulty$ to establish weak $solut_{\dot{l}}on$ .
However, if we add the set $\{u>0\}$ . which expresses the fact that the solution
cannot go under zero, we obtain a free boundary problem. It is not known horv
to introduce weak solution, we even do not get any kind of energy estimate
for the approximate solutions. In order to obtain an estimate we have added
the set $\{u_{m-1}>0\}$ (see Proposition $\mathit{4}\cdot \mathit{1}$). This may cause the negativity of
minimizers and that is why we adjust them by taking $u_{m}:=1\mathrm{n}\mathrm{a}\mathrm{x}(\tilde{u}_{m}, 0)$ .
Tl$\iota \mathrm{e}$ following two results are also taken from [5],
Theorem 3.1 If $J_{m\{\mathrm{u}\mathrm{m}\}}$ $<\infty$ , then there exists a minimizer $\tilde{u}_{m}$ of $J_{m}$ .
Theorem 3.2 For all $\tilde{\Omega}\subset\subseteq\Omega$ , there exists a positive constant
$\delta$ $(0<\delta <1)$
independent of m, such that the minimizers $u_{m}$ belong to $C^{\mathit{5}}(\tilde{\Omega})$ .
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Using the above theorem, we can choose the support of test functions in
the set $\{u/\backslash 0\}$ . Then the first variation forlllUla of $J_{m}(u)$ is
$\int_{\Omega}(\frac{u-2u_{m-1}+u_{m-2}}{h^{2}}\phi+\nabla u\nabla\phi)dx=0$
$\forall\phi\in C_{0}^{\infty}(\Omega\cap\{u>0\})$
$u\equiv 0$ outside the set $\{u>0\}$ .
Now we interpolate $\mathrm{t}1_{1}\mathrm{e}$ minimizers $\{u_{m}\}$ in $\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{e}$ and define the approxi-
lnate weak solution. $\mathrm{t}R^{\gamma}\mathrm{e}$ define $\overline{u}^{h}$ and $u^{h}$ on $\Omega \mathrm{x}(0, \infty)$ by
$\overline{u}^{h}(x, t)=u_{m}(x))$
$u^{h}(x, t)= \frac{t-(m-1)h}{h}u_{m}(x)+\frac{mh-t}{h}u_{m-1}(x)$ ,
for $(x, t)\in\Omega \mathrm{x}$ $((m-1)h, mh]$ , $n$ $\in N$ . We define the approximate solution
as follows.
Definition 3.1 $\mathrm{M}^{f}e$ call the solution of the following equation an approxi-
mate soiu tion to the rubber film problem:
$\int_{l_{l}}^{T}\int_{\Omega}$
.
$( \frac{u_{t}^{h}(t)-u_{t}^{h}(t-f\tau)}{h}\phi+\nabla\overline{u}^{h}\nabla\phi)$ $dxdt=0$ ,
$\forall\phi\in C_{0}^{\infty}([0, T)$ $\cross$ $\Omega\cap\{u^{h}>0\})$ , (3.2)
$u^{h}\equiv 0$ in $(h, T)\cross$ $\Omega\backslash \{u^{h}>0\}$ .
Further, we require that it satisfy the initial conditions $u^{h}(0)=u\circ$ artd
$u^{h}(h)=u_{0}+f_{l}v_{\mathrm{f}\mathrm{J}}$ .
If one can pass to the limit as $harrow \mathrm{O}$ , tl en the above approximate so-
lutions are expected to converge to the solution of the following tyPe of
equation.




$(-u_{\mathrm{f}} \phi_{t}+\nabla u\nabla\phi)dxdt-\int_{\Omega}v_{0}\phi(x, 0)dx=0$
$\forall\phi\in C_{0}^{\infty}(\Omega \mathrm{x} [0, T)\cap\{u>0\})$ ,
$u\equiv 0$ outside of $\{u>0\}$
and $u(0)=u_{0}$ in the sense of rraces
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4 Energy estimate
We shall derive an energy estinzate for the lninimizers of $J_{m}$ , $m=2$ , 3, $\ldots$ .
Proposition 4.1 We $f_{l}ave$ for m $=2$ , 3, $\ldots$
$|| \frac{u_{m}-u_{m-1}}{l_{1}}||_{L^{2}(\Omega)}^{2}+||\nabla u_{m}||_{L^{2}(\Omega)}^{2}\leq||v_{0}||_{L^{2}(\Omega)}^{2}+||\nabla u_{1}||_{L^{2}(\Omega)}^{2}$ .
Proof. Choose $\lambda$ arbitrary $(0<\lambda <1)$ . By tlue lninilnaIity property we
have $J_{m}(\tilde{u}_{m})\leq J_{m}((1-\lambda)\tilde{u}_{m}+\lambda u_{m-1})$ , thus,
Jim $\underline{1}(J_{m}(\tilde{u}_{m}+\lambda(u_{m-1}-\overline{u}_{m}))-J_{m}(\overline{u}_{m}))\geq 0$ . (4.1)
$\lambdaarrow 0+$ A
By $A_{m}$ we denote the set $\{\tilde{u}_{m}>0\}\cup\{u_{m-1}>0\}$ . We investigate the






$\leq\frac{1}{2}\int_{\Omega}|\nabla u_{m-1}|^{2}dx-\frac{1}{2}[_{\Omega}|\nabla u_{m}|^{2}dx$ .












we conclude that $H$ is nonpositive and thus the wllole term can be neglected.
Tl en $\iota \mathrm{v}\mathrm{e}$ have
$\lambdaarrow 0+1\mathrm{i}_{\mathrm{l}}\mathrm{n}I(\lambda)$
$\leq$ $\frac{1}{h^{2}}\int_{\Omega\cap A_{ni}}(u_{m-1}-\tilde{u}_{m})(\tilde{u}_{m}-u_{m-1}-(u_{m-1}-u_{m-2}))dx$
$\leq$ $\frac{1}{2h^{2}}(-||\tilde{u}_{m}-u_{m-1}||_{L^{2}(\Omega\cap A_{n\iota})}^{2}+||u_{m-1}-u_{m-2}||_{L^{2}(\Omega\cap A_{n\mathrm{u}})}^{2})$ .
The inequality is preserved even if we replace $\tilde{u}_{m}$ by $u_{m}=1\mathrm{n}\mathrm{a}\mathrm{x}(\overline{u}_{m}., 0)$ . $\mathrm{N}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{n}\circ\sigma$
that the sets $\{\tilde{u}_{m}>0\}$ and $\{u_{m}>0\}$ are the sa me, we can 1ake the same




Using thle above estimates, we arrive at
0 $\underline{<}$ $\lim\underline{2}(J_{m}(\tilde{u}_{m}+\lambda(u_{m-1}-\tilde{u}_{m}))-J_{m}(\tilde{u}_{m}))$
$\lambdaarrow 0+\lambda$
$\leq$ $\frac{1}{h^{2}}(||u_{m-1}-u_{m-2}||^{2}-||u_{m}-u_{m-1}||^{2})+(||\nabla u_{m-1}||^{2}-||\nabla u_{m}||^{2})$ .
Sum ming up we obtain tlle assertion. $\square$
5 Weak solution
The energy $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$ derived in the previous section allow $\mathrm{s}$ us to extract a
weakly convergent subsequence from the approximate solutions. However,
we do not get uniform convergence which is necessary to pass to the limit as
$harrow \mathrm{O}$ in (3.2).
We can get the uniform convergence by adding a certain term into the
original equation:
$\chi_{u>0}u_{tt}=\triangle u-u_{t}^{\gamma}$ , $\gamma>2$ . (5.1)
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We employ the same method where in the functional (3.1) a new term of the
$\mathrm{f}_{\mathrm{o}T\mathrm{l}}\mathrm{n}$
$\frac{fl}{\gamma}\int_{\Omega}|\frac{u-u_{n\tau-1}}{h}|^{\gamma}dx$
appears. We prove tlle following
Theorem 5.1 There exists a subsequence $\{u^{h}\}_{harrow 0+}$ of the approximate weak
solutions which converges to a weak solution of (3.1)
Proof. We give only the idea of the proof. First, we prove uniforln higher
integrability of a subsequence of $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$ solutions by use of Gehring’s
theory. To this end, we need an $\mathrm{e}11\mathrm{e}\mathrm{r}_{\mathrm{b}}\sigma \mathrm{y}$ estimate and a Caccioppoli inequality.




To deduce Caccioppoli $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}1\mathrm{i}\mathrm{t}]’$ , we lzave to consider two cases: $\dot{/}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}$
tlte set $\{u_{m}>0\}j$ and ’ $\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}$ the boundary $\partial\{u_{m}>0\}\dot{\prime}$ .
In the first case we note that $J_{m}(\tilde{u}_{m})\underline{<}J_{m}(\psi)$ for $\psi$ $=\tilde{u}_{m}-\epsilon(\tilde{u}_{m}-U)\eta_{m}^{2}$ .
Here $\epsilon>0$ , $\eta_{m}$ is a standard cut-off $\mathrm{f}_{\mathrm{U}11\mathrm{C}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ on $B_{2R}(x_{0})$ with $B_{2R}\subset\{u_{m}>$
$0\}$ and $U$ is amean value to be defined later. By variation of $J_{m}$ we $l\supset \mathrm{o}^{\neg}\mathrm{e}\mathrm{t}$
$\int_{\Omega}|\nabla\tilde{u}_{m}|^{2}\eta_{m}^{2}\leq-\frac{1}{h^{2}}\int_{\Omega\cap\{\tilde{u}_{m}>0\}}(\tilde{u}_{m}-2u_{m-1}+u_{m-2})(\tilde{u}_{m}-U)\uparrow 7_{m}^{2}$ (5.3)
-2 $\int_{\Omega}\nabla\tilde{u}_{m}\nabla\eta_{m^{7}7m}(\tilde{u}_{n},-U)-\int_{\Omega}|\frac{\tilde{u}_{m}-u_{m-1}}{h}|^{\gamma-2}\frac{\tilde{u}_{m}-u_{m-1}}{h}(\tilde{u}_{m}-U)\eta_{m}^{2}$.









since the term in brackets is nonpositive. Rewriting in the $u^{h}$-notation, se-
lecting $\eta_{m}$ appropriately for each $m$ , summing with respect to $m$ alld making
further technical rearrangelnelbts we are supposed to get roughly
$\int_{Q_{R}}|\nabla u^{h}|^{2}dz\leq c\int_{Q_{2R}}|u_{t}^{h}|^{2}dz$ (5.4)
$+ \frac{c}{R^{2}}\int_{Q_{2R}}|u^{h}-U|^{2}dz+c\int_{Q_{2R}}|u_{t}^{t\iota}|^{\gamma-1}|u^{h}-U|dz$ ,




tlle second term on the $\mathrm{r}\mathrm{i}_{\mathrm{o}}^{\iota \mathrm{r}}\mathrm{h}\mathrm{t}$-hand side of (5.4) can be $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ using






where $q= \frac{2(n+1)}{n+3}<2$ and the symbol $f$ stands for the mean value. For the




$\underline{<}(\int_{Q_{2R}}|\nabla u^{h}|^{2}dz)\frac{1}{2^{*}}$ $( \int_{Q_{2R}}|u_{t}^{h}|^{\frac{(\gamma-1)2^{*}}{2^{*}-1}}dz)^{1-\frac{1}{2^{*}}}$
$\leq\theta\int_{Q_{2R}}|\nabla u^{h}|^{2}dz+c(\theta)\int_{Q_{2R}}|u_{t}^{h}|^{\frac{\langle\gamma-1)2^{*}}{2^{*}-1}}dz$ .
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However, here $2^{*}= \frac{2n}{n-2}$ and therefore, this estimate does not hold for the











Cluoosiug $\beta=\frac{2}{\gamma-1}.,$ $\mathrm{i}.\mathrm{e}.\backslash$ $\beta’=\frac{2}{3-\gamma}$ , $\gamma\in$ $(2, 3)$ , $\tau\backslash r\mathrm{e}\sigma \mathrm{e}\mathrm{t}\circ$
$\int_{Q_{2R}}.|u_{t}^{f\}}|^{\gamma-1}|u^{h}-U|dz\underline{<}cR^{\frac{1}{\gamma-1}}\int_{Q_{2R}}|u_{t}^{h}|^{2}dz+\theta\int_{Q_{2R}}.|\nabla u^{h}|^{2}dz$ .
Altogetller we have
$f_{Q_{R}}| \nabla u^{h}|^{2}dx\leq c(f_{Q_{2R}}.|\nabla u^{h}|^{q})^{2/q}+cf_{Q_{2R}}|u_{t}^{l\iota}|^{2}dx+\frac{1}{2}f_{Q_{2R}}.|\nabla\overline{u}^{h}|^{2}dx$ .
Thus, we can apply Gehring’s theory for time-discretized equations from [2]
and prove $\mathrm{h}\mathrm{i}_{\mathrm{o}}\sigma 11\mathrm{e}\mathrm{r}\mathrm{i}_{1}\mathrm{z}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{b}\mathrm{i}1\mathrm{i}\mathrm{t}\mathrm{y}\nabla u^{h}\in L^{2+\delta}$ with $\delta$ $>0$ independent of $h$ .
Higher integrability of $u_{t}^{h}\mathrm{f}\mathrm{o}11\mathrm{o}\mathrm{V}^{7}\mathrm{S}\mathrm{f}\mathrm{r}\mathrm{o}\ln(5.2)$ .
We must consider also the $\dot{\prime}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{y}$’ case. In this case let us select
tl$1\mathrm{e}$ test function $\psi$ $=\overline{u}_{m}-\epsilon u_{m}\eta_{m}^{2}$ , $u_{m}=1 \max\{\tilde{u}_{m)}0\}$ . Then we get in $\mathrm{a}$ ,
similar way the same $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$ as in (5.3) only $\mathrm{v}^{\tau}\prime \mathrm{i}\mathrm{t}\mathrm{h}$ tlle challge that $\tilde{u}_{m}-U$
is replaced by $u_{m}$ . The derivation of the last $\mathrm{t}\mathrm{e}\mathrm{r}\ln$ goes on witlzout problelns
since $\chi\{\overline{u}_{n\mathrm{z}}-\epsilon u_{m}\eta_{n\mathrm{z}}^{2}>0\}-\chi\{\tilde{u}_{m}>0\}\leq 0$ as $\mathrm{b}\mathrm{e}\mathrm{f}_{\mathrm{o}\mathrm{r}\mathrm{e}}-$
As we 1ave proven the continuity of $u_{m}$ and $x_{0}$ lies on $\mathrm{t}\mathrm{I}_{1}\mathrm{e}$ free boundary,
there is a sufficiently large area where $u_{m}=0$ in $B_{2R}$ . Therefore, we are
again able to apply Sobolev-Poincare inequality and get the same result
ae
Now, in the one-dimensional case, from th $1\mathrm{e}$ Sobolev im bedding theorem
we get a uniform bound on the Holder norm$\mathrm{n}\mathrm{s}$ of a subsequence of $u_{\square }^{h}$ and we
are able to pass to the limit in the approximate equation.
6 Conclusion
We have formulated a $1_{1}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{b}\mathrm{o}1\mathrm{i}\mathrm{c}$ free boundary $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln$ describing the inter-
action of a film and an obstacle and we have suggested its numerical solution.
Several properties of the approxim ate solutions are $\mathrm{s}1_{1}\mathrm{o}\mathrm{w}\mathrm{n}$ . We also found
out that by adding a higher integrable term, it is possible, using Gehring’s
theory, to construct weak solution and prove its regularity.
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